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Abstract. We define the concept of normal formal group laws and study 
their properties. As an application, we simplify the notations of formal affine 
Demazure algebras and formal affine Hecke algebras. Moreover, for root sys- 
tems of type different from G2 , we prove that the coefficients appeared in the 
relations of the generators of the formal affine Hecke algebras belong to the 
formal group algebra. 

1. Introduction 

Let R be a commutative ring and Fbea formal group law over R. For the weight 
lattice A of a root system, the formal group algebra i?[[A]]p was defined in |CPZ] . It 
can be thought as an algebraic replacement of the equivariant oriented cohomology 
theory of algebraic varieties. For each root a, the formal Demazure operator 
acts on i?[[A]]i?. Furthermore, generalizing the construction of nil Hecke algebras of 
|KK| (and some other literatures, for example, |Gin] and |Lusj ), in [HMSZj . these 
operators were constructed as elements (called the formal Demazure elements A^) 
in the semidirect product of iJ[[A]]jr and the group ring R[W] of the Weyl group W. 
The algebra generated by the formal Demazure elements A a is called the formal 
affine Demazure algebra Tip. This provides a more convenient way to study the 
equivariant cohomology theory (for example, see |CZZ] V 

On the other hand, in the classical theory of Hecke algebras (in which case 
F = F m , the multiplicative formal group law), the Demzaure element can 
be thought as degeneration of generator T Sa — Tf m of (affine) Hecke algebras. 
Following this direction, for arbitrary F, the formal affine Hecke algebra Hi? was 
defined in [HMSZ]. It is generated by Tf a with a* among a fixed set of simple 
roots. The quadratic relations and the braid type relations between the generators 
were constructed, but the latter ones come with some auxiliary coefficients. As a 
result, Hp could only be considered as an algebra over some ring extended from 
the formal group algebra. The goal of this paper is to study these coefficients and 
to remove this extension. 

For a (one-dimensional commutative) formal group law 

F(x,y) = x + y + ^ a^x'y , a l} e R 

such that a := an is invertible in R, we define a new formal group law F and call 
it the associated normalization. This new formal group law is isomorphic to F but 
with more explicit and simple formal inverse element. With the normalization, we 
simplify the notations of formal (affine) Demazure algebras D p and formal (affine) 
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Hecke algebras Hf. Moreover, we show that (Theorem 14. 5|) . when a is invertiblc, 
the coefficients appeared in the braid type relations of the generators Tf belong 
to ii[[A]]j? for root systems of all types (except for type G 2 ). Consequently, Hp 
is an algebra over the formal group algebra. This fact is proved in |CZZ] but our 
proof makes the relations more explicit. 
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Notations 

Let R be an integral domain. Let (A, be a reduced root system, i.e., a 
free abelian group A of rank n (the weight lattice), a finite subset $ of A whose 
elements are called the roots, and a map p : A — > A v := Homz(A, Z),A i-> A v 
satisfying certain axioms. The reflection A i— > A — (a v , A)a is denoted by s a - Here 
(a v , A) is the canonical pairing between A v and A. The Weyl group is the group 
generated by s a ,a € <E>. We fix a set of simple roots {«i, ...,a n } C <fr, and denote 
[n] = {1, n}. Let £ be the length function, and let my be the order of SiSj in W 
for i 7^ j. In this paper we consider root systems of all types except for type G%. 
Therefore, 2 < my < 4 

Let F be a one-dimensional formal group law over R, i.e., a power series 

F(x, y) = x + y + 2J a%jX % y\ a tJ G R 

satisfying the following properties 

F(x,F(y,z)) = F(F(x,y),z), F(x,y) = F(y,x), and F(x,0)=x. 

We sometimes write x +f y for F(x, y), and denote the formal inverse of x by ipx. 
In this paper we always assume that a := an =/= 0. For example, the polynomial 
Fm{x, y) — x + y — axy with a ^ defines the multiplicative formal group law. 

2. Formal affine Demazure algebras and formal affine Hecke 

algebras 

In the present section, we recall briefly the definitions and properties of formal 
group algebras |CPZj . formal affine Demazure algebras and formal affine Hecke 
algebras [HMSZj . 

2.1 Definition. Consider the polynomial ring R[x\] in variables x\ with A £ A. 
Let 

e : R[x\] -> R, x\ 

be the augmentation map, and let i?[[xA]] be the (kere)-adic completion of i?[xA]- 
Let Jf be the closure of the ideal of i?[[xA]] generated by xo and elements of the 
form x\ 1 +\ 2 — F(x\ 1 ,x\ 2 ) for all Ai,A2 G A. Here xo € i?[^A] is the element 
determined by the zero element of A. The formal group algebra R[[A]]f is defined 
to be the quotient 

R[[A]] F = R[[xa]]/Jf. 
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The augmentation map induces a ring homomorphism e : i?[[A]]i? — > R, and we 
denote the kernel by If- Then we have a filtration of ideals 

R[[A}} F =1 Q F D1 F D1 2 F D ••• 

and the associated graded ring 

oo 

def 



Gv fl (A,iO =' ©zj./4 +1 - 



i=0 

By |CPZ[ Lemma 4.2], Grn(A,F) is isomorphic to S^(A), the symmetric algebra. 
The isomorphism maps Jl 2 ^ to Yi^i- Moreover, let {wi, ...,w n } be the collection 
of fundamental weights, which is a basis of A, then i?[[A]]f = i2[[i0i, ...,io„]]. But 
the latter isomorphism is not canonical in general. 

For any x ^ in i?[[A]]p, define /j,f(x) = For any root a, define n F = 

+ ^— . It is not difficult to see that k f and /if(x) belong to i?[[A]]^. 

2.2 Example. For the multiplicative formal group law Fm{x, y) — x + y — axy, 
we have im{%) = ^fzr, Mm (a;) = t^t and K a = a - 

The action of the Weyl group W on A extends to an action on i?[[A]]i? by 
s a (x\) = x Sa (\y Define the following operator 

F t \ X S a (x) 



A*(x)= ,. 

By [CPZl Corollary 3.4], for any x E R[[A]] F , one has A F (x) E R[[A]] F . In other 
words, it is an i?-linear operator on i?[[A]]f , called the Demazure operator. 

2.3 Definition. Let Q F to be the field of fractions of i2[[A]]jr. The action of W 
on i2[[A]]j? extends to an action on Q F . Define the twisted formal group algebra to 
be the smash product : = R\W]$Q F . In other words, is R[W] ®r Q f as 
an i?-module, and the multiplication is given by 

qS w ■ q'S w > = qw{q')5 ww i for w, w' G W and q, q' E Q F . 

Notice that is a free (left and right) Q^-module with basis {5 W } W £W- But 
it is not a <5 F -algebra since the embedding Q F — > i-> qS e is not central in 

Q^. Here e G W is the identity in W. We denote 6 e by 1. 

2.4 Definition. For each root a G <&, we define the Demazure element 



A F :=—(!- 6 Sa ) = — - S Sa — E Qw- 

Notice that A F is an element in while the Demazure operator is an op- 
erator acting on i?[[A]]f • The difference of the notations shall help the reader to 
distinguish between them. 

2.5 Definition. Define the formal affine Demazure algebra ~Dp to be the R- 
subalgebra of generated by i?[[A]]^ and A ai for i = 1, n. 

If there is no confusion, we will denote s, = s ai , Xi = x ai , = k f ., A, = , 
/lj = /l^. and 5j = 5 Si . We also denote x±i = x± ai , Xi±j — x ai ± aj . For any 
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prop : demazure 



i ^ j £ [n] , define 



(1) 

(2) 



t>i-\-j * 



i 



X i i-C j 

l 



i 



It is shown in jHMSZj that nfj £ R[[A]] F , and we will show that kL £ i?[^][[A]] F 
in the last section. 

If I = ii) is a sequence with ij £ [n], we sometimes write 



A, 



A h o 



■ A, 



and similarly for Aj . For each w £ W and a reduced decomposition w — Sj 1 • • • Sj r , 
define Zi^ = • • • A^ r and A„, = A,^ o • • ■ Aj r . These definitions depend on the 
choice of the reduced decomposition of w unless F is the additive formal group law 
or the multiplicative formal group law [CPZ1 Theorem 3.9]. 

2.6 Proposition. |HMSZ| §5] The algebra Tip satisfies the following properties: 

(1) For any q £ Q F , we have qAi — AiSi(q) + Ai(q). 

(2) For any i £ [n], we have Af — zijKj. 

(3) For any i ^ j, if (a)[ ,otj) = 0, so that rriij = 2, then Aij = Aji. 

(4) For any i ^ j, if (a/, aj) = (a^, a,) = —1, so that rriij — 3, then 



Aiji — AiKij 



AjKj 



(5) For any i ^ j , if (a/, aj) = —1 and (ctj, a,) = —2, so that 



= 4, then 



Aij\K>i+2j,—j + K ji) — Aji(Ki+jj + Ky) + 



(6) For eac/i w € W, choose a reduced decomposition of w and define A w cor- 
respondingly. Then {A w } w( zw is a basis ofT>F as a left (or right) R[[A]]p- 
module. 

(7) As an R-algebra, T)p is generated by R[[K]]p and Ai,i £ [n] with relations 
(1) - (5) above. 

2.7 Definition. Fix a free abelian group T of rank 1 and denote Rf = R[[T]]p. 

Let 7 be a generator of T and denote by x 1 the corresponding element in Rp. 

Define Q F = ^f(x 7 ) — /ip(a;_ 7 ). 

] . ,r r> . . r w . i ,,i ' / / , . . i 

i?F[M / ]fifl F (Q F )'- For am 

is [n], define the element 



Let (Q F Y be the fraction field of J?ir[[A]]j?. Let (QwY be the respective twisted 
formal group algebra defined over Rp, i.e., (Q^r)' 



if := af% + W^ 



Define the formal affine Hecke algebra Hp to be the i?^-subalgebra of {QwY gen- 
erated by Tf, i £ [n] and -Rf[[A]]f- 

Notice that Qp, (ip(x~) and nf are invariant under Sj, so they commute with 
Z\f and In other words, in the definition of Tf , it does not matter whether we 
write the coefficients and fip(xj) on the left or on the right. 
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def :h(x) 



thm:f glkey 



If F is clear in the context, we write T — Tf, n{x^) = ijlf{x 1 ) and Q = Of. 
For a sequence I = (ii, ii) with ij £ [n], we denote 



T r = T, 



■Ti, 



For each w £ W , choose a reduced decomposition w = Si 1 ■ ■ ■ Si r and define T w — 
T^ ■ ■ ■ Ti r . Unless F is the multiplicative or additive formal group law, this T w will 
depend on the choice of reduced decomposition. 

2.8 Proposition. HMSZ, §7] For each w £ W , fix a reduced decomposition and 
define T w correspondingly. The algebra Hp satisfies the following properties: 

(1) For any q £ (Q F )' and i 6 [n], we have qT t — TiSi(q) = ^-Ai(q). 

(2) For any i £ [n], we have Tf = T^O + 1. 

(3) For any i ^ j , we have 



T T T- ■ ■ ■ 

3^3 




E 

w€:W,e(w)<m ij -2 



J- to ' w 



for some t% £ {Q h )' . 

(4) For any i ^ j , if (a^ , a$) = 0, so that rriij = 2, then Tij — Tji. 

(5) for any i ^ j, if {<x( ,aj) — (aj,ai) = —1, so that rriij = 3, then 

Tjij ~ Tiji — (Tj — T^Kjj. 
Moreover, k' 44 = k', . 

L j 3 l 

Define Rf[[M\f = Rf[[A]]f[t^ \i, j £l,w £ WJ\w) < rriij - 2]. Then: 

(6) Then the set {T w } w< zw forms a basis of Hp ®r p [[a]]p -^fH^JIf as a right 
Rf [ [A] ] p -module. 

(7) As an Rp-algebra, Hp ®r f [[a]] f -Rf[[A]]£ is generated by Rp[[A]}p and Ti 
with relations (1) - (5) above. 

3. Normalization of formal group laws 

In this section we will define the concept of a normal formal group law. Recall 
that %fX is the formal inverse of x, i.e., x +p %fx = 0. Then it is easy to show that 

i 2 2 2, 

ipx = — x + ax —ax +..., 

where a = an is the coefficient of xy in F(x,y). Define the power series 

ifx + x 



(3) 



h(x) 



so that ipx = —x + xh(x). The power series h(x) has leading term ax, and if a 
is invertible in R, so h has a composition inverse. That is, there is a power series 
f(x) £ xR[[x]] such that 

f(h(x)) = h{f{x))=x. 

Recall that a homomorphism of formal group laws g : F — > G is a power series 
g(x) £ R[[x]} such that 

g(x) +Gg{y) =g{x + F y)- 

3.1 Theorem. // a is invertible in R, then there exists a formal group law F 
such that h : F — > F is an isomorphism with the inverse f : F — » F. Moreover, 
ivX — — ^t, - H — — = 1 and ub(x) = — — . 

r X—L' x %^x > r V / 1 — x 
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Proof. Define 

x+ p y = h(f(x) + F f(y)). 

It is straightforward to show that F is a formal group law. By definition, 

h(x) +p h(y) = h(f(h(x)) + F f(h(y))) = h(x + F y). 

So h : F — > F defines a homomorphism of formal group laws. Since f(h(x)) = 
h(f(x)) — x, so h is an isomorphism and / : F — >■ F is its inverse. 

Next we compute the inverse element with respect to F. Let y = h(i F f(x)), 
then 

x+py = h(f(x) + F f(h(i F f(x)))) = h(f(x) + F i F f{x)) = 0. 

Recall that by definition, ipx = (h(x) — l)x, therefore, by uniqueness of inverse, 
we see that 

ipx = y = h(i F f(x)) = h(-f(x) + f(x)h(f(x) j) = h((x - l)f(x)). 

On the other hand, we have 

^ i F x x 



-x —i F x 
= (1 - h{x))(l - h{i F x)) 
= (1 - h(x))(l - h((h(x) - l)x)) 

Letting h(x) = z, then x = f(z), we see that 

f = (1 - z)(l - h((z - l)f(z))) = (I — z)(l — i p z). 

Therefore, ipz = Hence, \ + ^ = 1 and n p {x) = ^ = j^. □ 

3.2 Definition. Suppose that « ^ 0. We say that a formal group law F is normal 
if i F (x) = If F is not normal but a is invertible in R, then the associated 

normal formal group law F exists, and we call it the normalization of F. 

3.3 Example. For multiplicative formal group law FM(x,y) = x + y — axy 
with a invertible in R, we have i Fm u = —u + uIim{u) with Iim{u) = a °" 1 . So its 
composition inverse is Jm{u) = - Therefore, 

F M (x,y) = h M {fM{x) + Fm fM{y)) = x + y-xy. 
This justifies the name "normalization" . 

3.4 Lemma. If F is normal, then h(x) = i F {x). In particular, the isomorphism 
h : F — > F maps x to i F (x). 

Proof. Since F is normal, i F {x) — Therefore, 

i F (x) +x -^r+ x x 

h(x) = = = = i F (x). 

x x x — 1 

□ 
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lemma: 1 



lemma: 2 



eq:kappaij 



eq: kappa (5) 



lemma: 3 



4. FORMAL AFFINE DEMAZURE ALGEBRAS AND FORMAL AFFINE HECKE 
ALGEBRAS OF NORMAL FORMAL GROUP LAWS 

In the present section, we apply the normalization of formal group laws to sim- 
plify the notations of formal affine Demazure algebras T)f and formal affine Hecke 
algebras Hp. As an application, we prove the main result (Theorem 14. 5|) of this 
paper. 

Recall that h(x) — lFX + x and / is its composition inverse. 

4.1 Lemma. If a is invertible in R, then there is a canonical isomorphism of 
rings 

tf> f : R[[A]] F -> R[[A]]p, x x ^f(x x ) 

with inverse 

<j) h : R[[A]]p -> R[[A]]f, x x ^h(x x ). 
In particular, there are isomorphisms tf>t : R F [[A]] F — > i?^[[A]]^, andifih : R F [[A^\ F —, 
-/?f[[A]]f inverse to each other. 



Proof. Define 
and 



<j> h : R[[A}} p -> R[[A]] F , x x i ^ h{x x ) 



<t> f : R[[A]] F ->• R[[A]]p, x x ^f{x x ) 

and extend linearly. Since f(h(x)) = x = h(f(x)), by |CPZ[ §2], they define 
isomorphisms between i?[[A]]p- and i?[[A]]^.. 

Similarly, since i?^[[A]]f = i?[[r©A]],p, the conclusion of the second part follows. 



□ 



4.2 Lemma. 

(4) 



(1) If F is normal, then k f = 1 an d 
1 111 



K F - 
K ij ~ 



Xi 



Moreover, 



Xi+j Xj 
,F 



K 



(2) If a is invertible in R, then (K F )'ij £ i?[[A]]jr. 



Proof. (1) By Theorem 13. 11 we see that k f = 1. Therefore, 

J- = l-l. 

X—i Xi 

Substituting it into k f , we get the formula (Q| . Since the formula (0} is symmetric 

„F _ F 

hj — K ji 



with respect to i and j, so kL = k^. Moreover, using identity ([5]) we can verify 



that nfj — K F it _j — K^ iti+ j. 



(2) By Lemma [4.11 there is an isomorphism 4>f : R F [[A]] F — > Rp[[A]]p, which 



(Q )'■ Consider Since Xi k\ 



extends to an isomorphism <\>f : (Q F )' 
h(x^i), so 

cj>f{ Xi Kf) = <t> f {h{x-i)) = h(f{x-i)) = x-t g R[[A]]p. 
Therefore, M(4j)')) = e R[[A]]p. So («£.)' = e R[[A]]f 

4.3 Lemma. If a is invertible in R, then the map 4>f induces ring isomorphisms 
4>f : T)f — > Dp, Af i-» Af and % p o(f> f :H F -> Hp,T F ^ T F . 



□ 



s 
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Proof. The map 4>f induces an isomorphism <\>f : — »■ Q^r,qS w >— > 4>f(q)S u 
Moreover, 



</>/(4 F ) = 



1 



i 



5,: = 



/(xi) f(x l ) 



Since h(x) has leading term ax, so /(x) has leading term —x, therefore, 
i?[[A]]^.. Hence, <pf induces a ring homomorphism <j)f : Df — > Dp. Similarly, tfih 



/(■- 



induces 



D, 



Dj? which is inverse to </>/, hence Dp = D 



F' 



Recall that XiKi = /i(x_j). So applying the isomorphism (f>f : R F [[A]] F — > 
Rp[[A]]p, by the proof of Lemma [4~2l we see that 

4>f{XiK[) = X-i, 

<f>f(n F {x^)) = (j>f(l - h(x y )) = 1 - h(f(x y )) = 1 - x 7 = (ip(x- y ), 
<f>f(Q F ) = V F (x- 7 ) ~ ^p( x i)- 
Therefore, applying the isomorphism ip : Rp[[A]]p — > Rp[[A]]p, we get that 

ip o (j) f {x l nf ) = Xi, ip o (f>f(fi F (x^)) = jti_p(x 7 ), ipo(f)f(Q F ) 
So the induced isomorphism ip o <f>f : (QwY ~> (Qw)' maps 

,e F , r , , e F , , , e F 



Tf = A\ + 5 iMF (x 7 ) = 



G«f(x 7 ) 



to 



thm : demazure 



Vp(x~/)8i 



Clearly 4>h° ip is its inverse. Therefore, H F = H^. 



f- 



□ 



Notice that the map 4>h°ip ■ R F [[A]] F ~~ ^ -^f[[A]]f maps x, to Xinf , hence 

We simply the notations of D F : 

4.4 Theorem. If F is normal, the algebra Dp satisfies the following properties: 
(1) For any a <E A^ = A a . 



(2) // (aY, aj ) = (a),Oi) 



T, so that rriij = 3, then 



Ajij Ayj — (Aj Aj)Kij. 

Moreover, invariant under Si and s,. 

(3) // (a^, <Xj) = —1 and (aj, cti) = —2, so i/ia£ my = 4, f/ien 

Ajiji ~ ^ijij = K^ij ~ + K i,i+j)- 

Moreover, Kij + His+j is invariant under Sj and Sj. 

Proof. (1) By Lemma [4.2[ = 1. Therefore, from Proposition 12. 6[ we get the 
conclusion. 

(2) By Lemma T4.21 we see that Moreover, direct computation shows 
that Si(Kij) = Sj(nij) = Kij. The conclusion then follows from Proposition ^. 61 

(3) By Lemma 14.21 we see that Hi+2j,-j — K -j,i+2j — Moreover, direct 
computation shows that Kij+Ki t i-\-j is invariant under Si and Sj. Therefore, Ai(fty + 
Ka+j) = Aj(nij + Kij+j) = 0. Then conclusion then follows from Proposition 
El □ 
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4.5 Theorem. If F is normal, then the algebra Hf satisfies the following prop- 
erties: 

(1) // (a^,aj) — = — 1, so that niij — 3, then 

Tjij ~ Tiji — (Ti — Tj)<d F n[j. 

(2) // (a^, otj) = — 1 and (cl- , on) = —2, so that riiij = 4, then 

Tjiji — Tijij — (Tij — Tji)& 2 F (nfj + K^ i+ j). 

(3) R f [[A]}f = R f [[A]\~. 

(4) For each w S W , fix a reduced decomposition of w and define T w corre- 
spondingly. The set {T w } w£ w forms a basis of Hp as a right (or left) 
Rf [ [A] ] f -module . 

(5) As an R-algebra, Hf is generated by Rf[[A]]f and Ti, i 6 [n] with relations 
(1), (2) and (4) of Proposition [2~E\ and (1) and (2) of this theorem. 

If F is not normal but a is invertible in R, then Hp satisfies the above properties 
after replacing nfj (resp. by (nfj)' (resp. {n^ i+J )'). 

Proof. (1): By Lemma [4.2[ = 1 for any root a. The conclusion then follows 
from Proposition ^. 81 

(2) : By direct computation of Tjiji ~ Pijij based on the fact that K a = 1, one 
gets the conclusion. 

(3) : Since we only consider root systems of type different from type G2, so 
rriij < 4. Therefor, the elements t£> appeared in Proposition 12.81 belong to the set 
{4,4 + ,;';,. ,} c R F [[A]] F . So R F [[A]]p = R F [[A}} F - 

(4) and (5): These are direct consequence of (l)-(3) of this theorem and Propo- 
sition EH 

If F is not normal but a is invertible, then its normalization F exists. By Lemma 
14.31 there exist isomorphisms i F °(f>f : -Rf[[A]]_f — i?^[[A]]j, and ipoc^f : Hf = H^. 
The latter isomorphism maps Tf to Tf '. By the proof of Lemma 14.21 the map 
ip o (f>f maps {nfj)' to nfy Therefore, the i?-algebra H F satisfies the properties 
(l)-(5) above after replacing k[j by (nfj)' ■ D 
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